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1 Outline

In this document, we give a nontechical introduction to reproducing kernel
Hilbert spaces (RKHSs), and describe some basic algorithms in RHKS.

1. What is a kernel, how do we construct it?

2. Operations on kernels that allow us to combine them
The reproducing kernel Hilbert space

Application 1: Difference in means in feature space

Application 2: Kernel PCA

S e W

Application 3: Ridge regression

2 Motivating examples

For the XOR example, we have variables in two dimensions, € R2?, arranged
in an XOR pattern. We would like to separate the red patterns from the blue,
using only a linear classifier. This is clearly not possible, in the original space.
If we map points to a higher dimensional feature space

o(x) = [ 1 Ty T1To ] € R3,

it is possible to use a linear classifier to separate the points. See Figure 2.1.

Feature spaces can be used to compare objects which have much more com-
plex structure. An illustration is in Figure 2.2, where we have two sets of doc-
uments (the red ones on dogs, and the blue on cats) which we wish to classify.
In this case, features of the documents are chosen to be histograms over words
(there are much more sophisticated features we could use, eg string kernels [4]).
To use the terminology from the first example, these histograms represent a
mapping of the documents to feature space. Once we have histograms, we can
compare documents, classify them, cluster them, etc.
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Figure 2.1: XOR example. On the left, the points are plotted in the original
space. There is no linear classifier that can separate the red crosses from the
blue circles. Mapping the points to a higher dimensional feature space, we
obtain linearly separable classes. A possible decision boundary is shown as a
gray plane.



The classsification of objects via well chosen features is of course not an
unusual approach. What distinguishes kernel methods is that they can (and
often do) use infinitely many features. This can be achieved as long as our
learning algorithms are defined in terms of dot products between the features,
where these dot products can be computed in closed form. The term “kernel”
simply refers to a dot product between (possibly infinitely many) features.

Alternatively, kernel methods can be used to control smoothness of a func-
tion used in regression or classification. An example is given in Figure 2.3,
where different parameter choices determine whether the regression function
overfits, underfits, or fits optimally. The connection between feature spaces and
smoothness is not obvious, and is one of the things we’ll discuss in the course.

3 What is a kernel and how do we construct it?

3.1 Construction of kernels

The following is taken mainly from [11, Section 4.1].

Definition 1 (Inner product). Let H be a vector space over R. A function
()gy + H xH = Ris said to be an inner product on H if

L (a1 fi +aofa,9)y = a1 (f1,9)y + a2 (f2,9)4

2. <fag>’H = <gaf>7-[ !
3. (f,f)y = 0and (f, f),, = 0if and only if f = 0.

We can define a norm using the inner product as || f||3 := \/(f, f) -

A Hilbert space is a space on which an inner product is defined, along with
an additional technical condition.? We now define a kernel.

Definition 3. Let X be a non-empty set. A function & : X x X — R is called
a kernel if there exists an R-Hilbert space and a map ¢ : X — H such that
Vo, 2’ € X,

k(z, ') == (o(x), p(x")), -

Note that we imposed almost no conditions on X: we don’t even require there
to be an inner product defined on the elements of X'. The case of documents
is an instructive example: you can’t take an inner product between two books,
but you can take an inner product between features of the text.

LIf the inner product is complex valued, we have conjugate symmetry, (f, g)4, = (g, [) -
2Specifically, a Hilbert space must contain the limits of all Cauchy sequences of functions:

Definition 2 (Cauchy sequence). A sequence {fn};2, of elements in a normed space H is
said to be a Cauchy sequence if for every ¢ > 0, there exists N = N(e) € N, such that for all
nm >N, ||fn = fmlly <e
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Figure 2.2: Document classification example: each document is represented as
a histogram over words.
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Figure 2.3: Regression: examples are shown of underfitting, overfitting, and a
good fit. Kernel methods allow us to control the smoothness of the regression
function.

A single kernel can correspond to multiple sets of underlying features. A
trivial example for X' := R:

) =o  wd oalo)= [ TV ]

Kernels can be combined and modified to get new kernels:

Lemma 4 (Sums of kernels are kernels). Given o > 0 and k, k1 and ko all
kernels on X, then ak and ki + ko are kernels on X.

To easily prove the above, we will need to use a property of kernels introduced
later, namely positive definiteness. We provide this proof at the end of Section
3.2. A difference of kernels may not be a kernel: if ki (x, ) — ko(x,2) < 0, then
condition 3 of Definition 1 is violated.

Lemma 5 (Mappings between spaces). Let X and X be sets, and define a map
A : X — X. Define the kernel k on X. Then the kernel k(A(z), A(z')) is a
kernel on X.

Lemma 6 (Products of kernels are kernels). Given k1 on X; and ko on Xs,
then ki X ko is a kernel on Xy X Xo. If X} = Xo = X, then k := k1 X ko is a
kernel on X.

Proof. The general proof has some technicalities: see [11, Lemma 4.6 p. 114].
However, the main idea can be shown with some simple linear algebra. We
consider the case where H; corresponding to k1 is R™, and Hs corresponding
to kg is R™. Define k; := u v for vectors u,v € R™ and ky := p' ¢ for vectors
p,q € R™.

We will use that the inner product between matrices A € R™*™ and B €
Rmxn is

(A, B) = trace(A' B). (3.1)



Then
kiky = ki(p'q)
k1 ((JTP)
= kytrace(q' p)
= kitrace(pg")

= trace(pu'vg')
k1
= (4,B),

where we defined A := up' and B := vq'. In other words, the product kiks
defines a valid inner product in accordance with (3.1). O

The sum and product rules allow us to define a huge variety of kernels.

Lemma 7 (Polynomial kernels). Let z,z’ € R? for d > 1, and let m > 1 be an
integer and ¢ > 0 be a positive real. Then

k(x,2') = ((x,2') +¢)"
1s a valid kernel.

To prove: expand out this expression into a sum (with non-negative scalars)
of kernels (z,z’) raised to integer powers. These individual terms are valid
kernels by the product rule.

Can we extend this combination of sum and product rule to sums with
infinitely many terms? It turns out we can, as long as these don’t blow up.

Definition 8. The space ¢, of p-summable sequences is defined as all sequences

(ai)i>1 for which
oo
Z al < oo.
i=1

Kernels can be defined in terms of sequences in /5.

Lemma 9. Given a non-empty set X, and a sequence of functions (¢;(z))i>1
in by where ¢; : X — R is the ith coordinate of the feature map ¢(x). Then

k(x,2') == Zd)z(x)(bl(a:’) (3.2)

1 a well-defined kernel on X.

Proof. We write the norm ||af|,, associated with the inner product (3.2) as

lallg, =




where we write a to represent the sequence with terms a;. The Cauchy-Schwarz
inequality states

|k(z,2")] = Y di(@)gi(a’)| < l|o@)l, o), < oo,
i=1
so the kernel in (3.2) is well defined for all z,z’ € X. O

Taylor series expansions may be used to define kernels that have infinitely
many features.

Definition 10. [Taylor series kernel] [11, Lemma 4.8] Assume we can define
the Taylor series

o0
f(z) = Z anz" |z| <7, z €R,
n=0

for r € (0,00], with a,, > 0 for all n > 0. Define X to be the ,/r-ball in R<.
Then for x, 2’ € R% such that ||z|| < /7, we have the kernel

k(z,2") = f ((z,2')) = Zan (z,2")".
n=0

Proof. Non-negative weighted sums of kernels are kernels, and products of ker-
nels are kernels, so the following is a kernel if it converges,

k(z,2") = Zan(<x,x’>)n.
n=0

We have by Cauchy-Schwarz that
[(z, ") < [lz]lll2"]] <,
so the Taylor series converges. O
An example of a Taylor series kernel is the exponential.
Example 11 (Exponential kernel). The exponential kernel on R? is defined as
k(z,z") = exp ((z,2')) .

We may combine all the results above to obtain the following (the proof is
an exercise - you will need the product rule, the mapping rule, and the result
of Example 11).

Example 12 (Gaussian kernel). The Gaussian kernel on RY is defined as

k(z,2') = exp (=772 o — 2')P).



3.2 Positive definiteness of an inner product in a Hilbert
space

All kernel functions are positive definite. In fact, if we have a positive definite
function, we know there exists one (or more) feature spaces for which the kernel
defines the inner product - we are not obliged to define the feature spaces explic-
itly. We begin by defining positive definiteness |1, Definition 2], [11, Definition
4.15].

Definition 13 (Positive definite functions). A symmetric function k& : X' x X —
R is positive definite if Vn > 1, V(ay,...a,) € R", Y(21,...,2,) € X",

iiaiajk(xi,xj) Z O
i=1 j=1

The function k(-,-) is strictly positive definite if for mutually distinct z;, the
equality holds only when all the a; are zero.?

Every inner product is a positive definite function, and more generally:

Lemma 14. Let H be any Hilbert space (not necessarily an RKHS), X a non-
empty set and ¢ : X — H. Then k(x,y) := (¢(x), p(y))4 is a positive definite
function.

Proof.

n

Zzaiajk(xi’xj) = Zz<ai¢(xi)aaj¢(xj)>y

i=1j=1

= <Zaz¢ i), Zaj(b xj>

Z a;¢(x;)
=1

H

ZO

H
O

Remarkably, the reverse direction also holds: a positive definite function is
guaranteed to be the inner product in a Hilbert space H between features ¢(x)
(which we need not even specify explicitly). The proof is not difficult, but has
some technical aspects: see [11, Theorem 4.16 p. 118].

Positive definiteness is the easiest way to prove a sum of kernels is a kernel.
Consider two kernels k;(z,2") and ka(z,z’). Then

3Wendland [12, Definition 6.1 p. 65] uses the terminology “positive semi-definite” vs “pos-
itive definite”.



n

Z Zai“j (k1 (i, x5) + ka(wi, 25)]

=1 j=1
n o n n o n

= Z Z aiajkl(xi, (ﬂj) + Z Z aiajkg(xi7 l’j)
=1 j=1 i=1 j=1

>0

4 The reproducing kernel Hilbert space

We have introduced the notation of feature spaces, and kernels on these feature
spaces. What’s more, we’'ve determined that these kernels are positive definite.
In this section, we use these kernels to define functions on X. The space of such
functions is known as a reproducing kernel Hilbert space.

4.1 Motivating examples
4.1.1 Finite dimensional setting

We start with a simple example using the same finite dimensional feature space
we used in the XOR motivating example (Figure 2.1). Consider the feature map

¢:R* - R

x 1
IR CE T
T2
T1T2
with the kernel .
T Y1
k(z,y) = | w2 Y2
T1T2 Y1y2

(i.e., the standard inner product in R® between the features). This is a valid
kernel in the sense we’ve considered up till now. We denote by H this feature
space.

Let’s now define a function of the features x1,xs, and ziz2 of z, namely:

f(z) = azq + bxe + cxi29.

This function is a member of a space of functions mapping from X = R? to R.
We can define an equivalent representation for f,

fO=101. (4.1)



The notation f(-) refers to the function itself, in the abstract (and in fact, this
function might have multiple equivalent representations). We sometimes write
f rather than f(-), when there is no ambiguity. The notation f(z) € R refers
to the function evaluated at a particular point (which is just a real number).
With this notation, we can write

fl@) = f()To(x)
= (f(),0(x))y
In other words, the evaluation of f at x can be written as an inner product in
feature space (in this case, just the standard inner product in R?), and H is a
space of functions mapping R? to R. This construction can still be used if there

are infinitely many features: from the Cauchy-Schwarz argument in Lemma 9,
we may write

F@) =" fotu(), (4.2)
/=1

where the expression is bounded in absolute value as long as {f¢},—, € lo (of
course, we can’t write this function explicitly, since we’d need to enumerate all

the fg)

This line of reasoning leads us to a conclusion that might seem counterin-
tuitive at first: we’ve seen that ¢(z) is a mapping from R? to R?, but it also
defines (the parameters of) a function mapping R? to R. To see why this is so,
we write

Y1Yy2

using the same convention as in (4.1). This is certainly valid: if you give me a
y, I'll give you a vector k(-,y) in H such that

<k(7 y)7 ¢(x)>7-[ =axr; + be + crix20,

where a = y1, b = ya, and ¢ = y1ys (i.e., for every y, we get a different vector
[ a b c ]T) But due to the symmetry of the arguments, we could equally
well have written
(k(,z),0(y) = uyr+ vy +wyiye
= k(z,y).
In other words, we can write ¢(x) = k(-,x) and ¢(y) = k(-,y) without ambiguity.
This way of writing the feature mapping is called the canonical feature map

[11, Lemma 4.19].
This example illustrates the two defining features of an RKHS:

e The feature map of every point is in the feature space:

Ve e X, k(,x) e H

10
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Figure 4.1: Feature space and mapping of input points.

e The reproducing property:
Vee X, Ve, (fk(,x))y =f(z) (4.3)
In particular, for any z,y € X,

k(m>y) = <k (,.’L’) ok ('7 y)>7~t

Another, more subtle point to take from this example is that # is in this case
larger than the set of all ¢(x) (see Figure 4.1). For instance, when writing f in
(4.1), we could choose f =[11 — 1] € H, but this cannot be obtained by the
feature map ¢(z) = [x1 22 (z122)].

4.1.2 Example: RKHS defined by via a Fourier series

Consider a function on the interval [—m, 7] with periodic boundary conditions.
This may be expressed as a Fourier series,

f@)= S frexp(ilz),

l=—00

using the orthonormal basis on [—, 7], noting that

1 {=m,
0 ¢+#m,

—T

%/ﬁ exp(ulz)exp(ima)dr = {

where ©+ = /—1, and a is the complex conjugate of a. We assume f(x) is real,
so its Fourier transform is conjugate symmetric,

f—e=E~

11



Top hat Fourier series coefficients
. 05 . .
1.4}
12| 0.4}
q ]
1 AVI\VI\VI\VA i 03l
08}
0.2}
E o6 I
g
0.1 1
041 1 T T

S I WS B e i

0
4

Figure 4.2: “Top hat” function (red) and its approximation via a Fourier series
(blue). Only the first 21 terms are used; as more terms are added, the Fourier
representation gets closer to the desired function.

As an illustration, consider the “top hat” function,

f(2) = {1 lx] < T,

0 T<lz|<m,
with Fourier series
;  sin(¢T) .
fo:= " f(z) = Z 2fy cos(Lx).

£=0

Due to the symmetry of the Fourier coefficients and the asymmetry of the sine
function, the sum can be written over positive ¢, and only the cosine terms
remain. See Figure 4.2.

Assume the kernel takes a single argument, which is the difference in its inputs,

k(z,y) = k(z —y),
and define the Fourier series representation of k as
k(x) = Z ky exp (x), (4.4)
l=—0o0

where lAf,l = I%l and l%l = ]Afl (a real and symmetric khas a real and symmetric
Fourier transform). For instance, when the kernel is a Jacobi Theta function
(which looks close to a Gaussian when o2 is sufficiently narrower than [—m,7]),

1 r 10? A 1 —a2?
k(l‘)—%ﬁ(%72ﬂ_), k’g~27rexp( B ),

12




Jacobi Theta Fourier series coefficients
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Figure 4.3: Jacobi Theta kernel (red) and its Fourier series representation, which
is Gaussian (blue). Again, only the first 21 terms are retained, however the
approximation is already very accurate (bearing in mind the Fourier series co-
efficients decay exponentially).

and the Fourier coefficients are Gaussian (evaluated on a discrete grid). See
Figure 4.3.

Recall the standard dot product in Lo, where we take the conjugate of the
right-hand term due to the complex valued arguments,

(fs9)r, = Zfeeszﬁa? Z Gm exp(vm)

l=—00 m=-—o00 Lo

Z Z f@g (exp(vlx), exp(—vmz)) .

f=—00 m=—00
(o]
= > fedr-
l=—00
We define the dot product in H to be a roughness penalized dot product, taking

the form*
Z fwe (4.5)

4Note: while this dot product has been defined using the Fourier transform of the kernel,
additional technical conditions are required of the kernel for a valid RKHS to be obtained.
These conditions are given by Mercer’s theorem [11, Theorem 4.49], which when satisfied,
imply that the expansion (4.4) converges absolutely and uniformly.

13



The squared norm of a function f in H enforces smoothness:
2
fe|

R S (1.6)

l=—00

If k; decays fast, then so must fy if we want ||f]|3, < co. From this norm

definition, we see that the RKHS functions are a subset of the functions in Lo,
12

for which finiteness of the norm [|f[|7, = Y22 ’f@‘ is required (this being

less restrictive than 4.6).
We next check whether the reproducing property holds for a function f(x) €
H. Define a function

o0

g(z) =k(x —z) = E;OO exp (1) kg exp (—lz)

9e

Then for a function® f(-) € H,

<f()=k(=z>>7-[ = <f()7g()>’i-£
0 fy (kpexp(—1lz
_ Z fz( 0 ]%P( )) @7
l=—o00 4
= ) frexptz) = f(2)
l=—o00

Finally, as a special case of the above, we verify the reproducing property
for the kernel itself. Recall kernel definition,

k(x —y) = Z kyexp ((x —y)) = Z kg exp (1) exp (—1by)

l=—o00 {=—00

Define two functions of a variable z as kernels centered at y and z, respectively,

f@) = k@—y) = 3 keexp(lz—y))

l=—00
oo

= Z exp (1) kg exp (—1ly)
t=—o0 —
fe

g(z) = k(x—2) = Z exp (0 kg exp (—1lz)

{=—00 N
ge

SExercise: what happens if we change the order, and write (f(-),k(-,z)),,? Hint: f(z) =

f(x) since the function is real-valued.

14



Applying the dot product definition in H, we obtain
<k(" y)7 k('v Z)>’H = <f7 g>?—[

_ fege

R

- oo (I%g exp(—zﬁy)) (m)

- l=—o0 ];‘Z

= Z koexp(ul(z —y)) = k(z —y).
{=—00

You might be wondering how the dot product in (4.5) relates to our original
definition of an RKHS function in (4.2): the latter equation, updated to reflect
that the features are complex-valued (and changing the sum index to run from
—00 to 00) is

f((E) = Z ffma
f=—o00

which is an expansion in terms of coefficients f; and features ¢y(x). Writing the
dot product from (4.7) earlier,

e e(W)

{=—o00 ];"Z
N —
- £ i ().

it’s clear that

Jfa bo(x) = /oy (exp(—1L2)),

and for this feature definition, the reproducing property holds,

fe=

(Pe(x), Pe(2'))g = Z Ge(x)de(”)

{=—o00
oo

= > (Vistew-w ) (Ve (st=87)

l=—o00

=k(z' — ).

4.1.3 Example: RKHS defined using the exponentiated quadratic
kernel on R

Let’s now consider the more general setting of kernels on R, where we can no
longer use the Fourier series expansion (the arguments in this section also apply

15



to the multivariate case R?). Our discussion follows |2, Sections 3.1 - 3.3]. We
start by defining the eigenexpansion of k(z,z’) with respect to a non-negative
finite measure p on X := R,

1 i=j

Nea) = [ b @in), [ ( )ei(m)em)dn(x):{o SN

For the purposes of this example, we’ll use the Gaussian density g, meaning

du(z) = exp (—2?) dx (4.9)

1
V2T
We can write

a') =" Meeo(w)e(a’), (4.10)
=1

which converges in Lo(11).% If we choose an exponentiated quadratic kernel,

kz,y) = exp (—”‘y”) |

202
the eigenexpansion is

Y A
ex(@) x exp(—(c— a)a?) Hy(av20),
where a, b, ¢ are functions of o, and Hy is kth order Hermite polynomial |6,

Section 4.3|. Three eigenfunctions are plotted in Figure 4.4.
We are given two functions f, g in Lo(u), expanded in the orthonormal sys-

tem {es} o,

o0

=> fres g(x) = gees(x), (4.11)
=1

=1
The standard dot product in Lo(i) between f, g is

9Dy = <Zfe€e deez >
= fde

La(p)

~

As with the Fourier case, we will define the dot product in ‘H to have a roughness
penalty, yielding

T LT oy (4.12)
=1 Ae =1 Ae

6As with the Fourier example in Section (4.1.2), there are certain technical conditions
needed when defining an RKHS kernel, to ensure that the sum in (4.10) converges in a stronger
sense than Lo (u). This requires a generalization of Mercer’s theorem to non-compact domains.

16



Figure 4.4: First three eigenfunctions for the exponentiated quadratic kernel
with respect to a Gaussian measure p.

where you should compare with (4.5) and (4.6). The RKHS functions are a sub-
set of the functions in Ly(p), with norm || f||7, = >°;2, f? < oo (less restrictive
than 4.12).

Also just like the Fourier case, we can explicitly construct the feature map
that gives our original expression of the RHKS function in (4.2), namely

fa) =" fude(a).
/=1

We write the kernel centered at = as

=1
= fo(er(2))

= ; iy

= ; %@ ( )\geg(z)) 5

hence



Figure 4.5: An RKHS function. The kernel here is an exponentiated quadratic.
The blue function is obtained by taking the sum of red kernels, which are centred
at x; and scaled by «;.

fe= \j% pe(x) =/ ee(2), (4.13)

and the reproducing property holds,”
> du(@)pe(a) = k(x,2').
=1

4.1.4 Tractable form of functions in an infinite dimensional RKHS,
and explicit feature space construction

When a feature space is infinite dimensional, functions are generally expressed
as linear combinations of kernels at particular points, such that the features
need never be explicitly written down. The key is to satisfy the reproducing
property in eq. (4.3) (and in Definition (15) below). Let’s see, as an example,
an RKHS function for an exponentiated quadratic kernel,

f(z) = Zaik(wi,x). (4.14)

We show an example function in Figure 4.5.

"Note also that the features are square summable, since

lé(@)ll3, = le(@)ll7, = D Aeee(@)ec ()
=1

=k(z,z) < oo.

18



The eigendecomposition in (4.10) and the feature definition in (4.13) yield

Haa) = 3 [Vieer(®)] [V Avea(a)]

(=1

de() de(x’)

and (4.14) can be rewritten

o0

flz) = Z fepe(x) =) fu [\/)Tgeg(:v)}, (4.15)
=1 /=1 7(/1,)_/

where

fe= Z ai\/réel(xi)'
i=1

The coefficients {f¢}7°, are square summable since

Z ()
i=1

The key point is that we need never explicitly compute the eigenfunctions ey
or the eigenexpansion (4.10) to specify functions in the RKHS: we simply write
our functions in terms of the kernels, as in (4.14).

Hf”b =

<l [lp(z)|| < oo
i=1

4.2 Formal definitions

In this section, we cover the reproducing property, which is what makes a
Hilbert space a reproducing kernel Hilbert space (RKHS). We next show that
every reproducing kernel Hilbert space has a unique positive definite kernel, and
vice-versa: this is the Moore-Aronszajn theorem.

Our discussion of the reproducing property follows [1, Ch. 1] and [11, Ch.
4]. We use the notation f(-) to indicate we consider the function itself, and not
just the function evaluated at a particular point. For the kernel k(z;,-), one
argument is fixed at z;, and the other is free (recall the kernel is symmetric).

Definition 15 (Reproducing kernel Hilbert space (first definition) ). [1, p. 7]
Let ‘H be a Hilbert space of R-valued functions defined on a non-empty set X.
A function k£ : X x X — R is called a reproducing kernel® of H, and H is a
reproducing kernel Hilbert space, if k satisfies

o Vx e X, k(,x) eH,

o Ve X, VfeH, (fk(,z)), = f(x) (the reproducing property).

8We’ve deliberately used the same notation for the kernel as we did for positive definite
kernels earlier. We will see in the next section that we are referring in both cases to the same
object.
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In particular, for any z,y € X,

]C(Z',y) = <k (~,x),k(-,y)>7.[. (416)

Recall that a kernel is an inner product between feature maps: then ¢(x) =
k(-,x) is a valid feature map (so every reproducing kernel is indeed a kernel in
the sense of Definition (3)).

The reproducing property has an interesting consequence for functions in #.
We define §, to be the operator of evaluation at x, i.e.

d.f = flx) VfeH, zeX.

We then get the following equivalent definition for a reproducing kernel Hilbert
space.

Definition 16 (Reproducing kernel Hilbert space (second definition) ). [11,
Definition 4.18] H is an RKHS if for all x € X, the evaluation operator ¢, is
bounded: there exists a corresponding A, > 0 such that Vf € H,

This definition means that when two functions are identical in the RHKS
norm, they agree at every point:

[f(@) —g(2)] = 16= (f =9 < Xellf —gllae VFrgeH.

This is a particularly useful property® if we’re using RKHS functions to make
predictions at a given point x, by optimizing over f € H. That these definitions
are equivalent is shown in the following theorem.

Theorem 17 (Reproducing kernel equivalent to bounded ¢, ). [I, Theorem
1] H is a reproducing kernel Hilbert space (i.e., its evaluation operators 6, are
bounded linear operators), if and only if H has a reproducing kernel.

Proof. We only prove here that if H has a reproducing kernel, then 6, is a
bounded linear operator. The proof in the other direction is more complicated
[11, Theorem 4.20], and will be covered in the advanced part of the course
(briefly, it uses the Riesz representer theorem).

Given that a Hilbert space H has a reproducing kernel k with the reproducing

property (f,k(-, %)), = f(z), then

0[f1 = |f(2)]
= |<f,/€(,.13)>7_[‘
< RG2S 15

= (k( @),k 2)) 37 1 f L,
Kz, 2)2 || £l

where the third line uses the Cauchy-Schwarz inequality. Consequently, §, :
F — R is a bounded linear operator where \, = k(z,z)/2. O

9This property certainly does not hold for all Hilbert spaces: for instance, it fails to hold
on the set of square integrable functions La(X).
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Finally, the following theorem is very fundamental [1, Theorem 3 p. 19], [11,
Theorem 4.21], and will be proved in the advanced part of the course:

Theorem 18 (Moore-Aronszajn). [1, Theorem 3] Every positive definite kernel
k is associated with a unique RKHS H.

Note that the feature map is not unique (as we saw earlier): only the kernel
is. Functions in the RKHS can be written as linear combinations of feature
maps,

f() = Zaik(xi’ ')7
=1

as in Figure 4.5, as well as the limits of Cauchy sequences (where we can allow
m — 00).

5 Application 1: Distance between means in fea-
ture space

Suppose we have two distributions p, ¢ and we sample (z;);~, from p and (y;);—,
from q. What is the distance between their means in feature space? This exercise
illustrates that using the reproducing property, you can compute this distance
without ever having to evaluate the feature map.

Answer:

3|~
NE
BN
8
T
3=
M§
BSS
=
| [l
SM‘H/\
3=
T .
M= I
o >
e [
Mz =1~
-~ <
+ —
3|~
NE
=
8
|
|

i=1 i=1
- % DD kwi, xy) + % SO k(i) -
i=1 j=1 =1 j=1

What might this distance be useful for? In the case ¢(x) = x, we can use this
statistic to distinguish distributions with different means. If we use the feature
mapping ¢(z) = [z 2] we can distinguish both means and variances. More
complex feature spaces permit us to distinguish increasingly complex features
of the distributions. As we’ll see in much more detail later in the course, there
are kernels that can distinguish any two distributions [3, 10].

6 Application 2: Kernel PCA

This is one of the most famous kernel algorithms: see |7, §].
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Figure 6.1: PCA in R3, for data in a two-dimensional subspace. The blue lines
represent the first two principal directions, and the grey dots represent the 2-D
plane in R3 on which the data lie (figure by Kenji Fukumizu).

6.1 Description of the algorithm

Goal of classical PCA: to find a d-dimensional subspace of a higher dimensional
space (D-dimensional, R”) containing the directions of maximum variance. See
Figure 6.1.

2
IRy 1<
u; = arg max — TR (P —— z;
' |w§n§:< ( nZ; ))

i=1
_ T
= arg max u Cu

[lull<1
where
1 & 1< 1 & '
Cc = EZ (xz—n2x1> <$z_nZ$z>
=1 i=1 =1
1
= “XHX',
n
where X = [ Ty ... Tn ], H=1-n"11,,, and 1,4, is an n x n matrix

of ones (note that H = HH, i.e. the matrix H is idempotent). We’ve looked
at the first principal component, but all of the principal components u; are
the eigenvectors of the covariance matrix C' (thus, each is orthogonal to all the
previous ones). We have the eigenvalue equation
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We now do this in feature space:

n n 2

fi = afgl;lllafiliz<<f>¢($i)—;z¢($i)> )

H< = ‘ Y
= arg”;rulgélvar(f).

First, observe that we can write

> au <¢(xi) -=y qs(xi)) ,

Z aiié(xi)»
i=1
1

since any component, orthogonal to the span of ¢(z;) == ¢(z;) — I3 o)
vanishes when we take the inner product. The f are now elements of the feature
space: if we were to use a Gaussian kernel, we could plot the function f by
choosing the canonical feature map ¢(x) = k(z, ).

We can also define an infinite dimensional analog of the covariance:

%Z <¢($i) - :LZW%)) ® <¢($i) - :de)(xl)) ,

i=1 i=1

fe

C

1 o~ - ~
=3 b(zi) @ )
ni3

where we use the definition

(a®b)c:= (b,c)y a (6.1)

this is analogous to the outer product of finite dimensional vectors, (ab')c =
a(bTc). Writing this, we get
fede = Cfy. (6.2)

Let’s look at the right hand side: to apply (6.1), we use

<é(mi)7za€jé(xj)>
j=1 H

Oé(jki(xi,l‘j),

-

1

J

where k(z;, ;) is the (4, j)th entry of the matrix K := HKH (this is an easy
exercise!). Thus,

Cfe= %Zﬁa&(ﬂfi% Bei = Zaej/;(mi,l‘j)
i=1 j=1
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_ We can now project both sides of (6.2) onto each of the centred mappings
¢(z4): this gives a set of equations which must all be satisifed to get an equiv-
alent eigenproblem to (6.2). This gives

(9(e), LHS) = Ao (dlzy), fr) = A _znj%z%(xq,xi) vge{l...n}

<Q~S(Iq),RHS>H = <<;~S(zq),Cfg>H = iil}(:cq,:ri) ia@fﬂ(%,fj) Vge{l...

Writing this as a matrix equation,
n/\gf?ag = f?20ég,

or equivalently _
n)\gag = KO&@. (6.3)

Thus the oy are the eigenvectors of K: it is not necessary to ever use the feature
map ¢(z;) explicitly!
How do we ensure the eigenfunctions f have unit norm in feature space?

1713,

= <Z aié(xi), Z Oéz(g(xl)>
) i=1 H
= Z Zaiai <¢~5(9€z)7 &(%)>H

i=1 j=1

= i i aiai/%(xi, xj)

i=1 j=1

=a'Ka=na"a=n\a|>
Thus to re-normalise « such that || f|| = 1, it suffices to replace
a <+ a/VnA

(assuming the original solutions to (6.3) have ||| = 1).
How do you project a new point x* onto the principal component f7 As-
suming f is properly normalised, the projection is

Pro(a®) = (o(x"), fly |

= Qi <¢({IJ*),Q~5(Z‘])>H Zazé(xz)
= a; <k(m*,x3) - % k(m*,x@) Zal(ﬁ(xl)
j=1 =1 i=1

n}



USPS hand-written digits data:
7191 images of hand-written digits of 16 x 16 pixels.

{J A 2N RORA 7IRET10

Sample of original images (not used for experiments)

i e E R e

Sample of noisy images

MK EEeE ® vE P

Sample of denoised images (linear PCA)

Il Pl El ¥ & @ i E] Fi [0)

Sample of denoised images ( kernel PCA, Gaussian kernel)

Generated by Matlab Stprtool (by V. Franc).

Figure 6.2: Hand-written digit denoising example (from Kenji Fukumizu’s
slides).

6.2 Example: image denoising

We consider the problem of denoising hand-written digits. Denote by

Pip(z*) = Ppo(z*) + ...+ Pro(x")

the projection of ¢(z*) onto one of the first d eigenvectors from kernel PCA
(recall these are orthogonal). We define the nearest point y € X to this feature
space projection as the solution to the problem

* — . _ P * 2 )
Yy arggg;llﬂy) ad(x”) |3,

In many cases, it will not be possible to reduce the squared error to zero, as
there will be no single y* corresponding to an exact solution. As in linear PCA,
we can use the projection onto a subspace for denoising. By doing this in feature
space, we can take into account the fact that data may not be distributed as a
simple Gaussian, but can lie in a submanifold in input space, which nonlinear
PCA can discover. See Figure 6.2.

7 Application 3: Ridge regression

In this section, we describe ridge regression. This is the algorithm used for the
regression plots at the start of the document (Figure 2.3): it is very simple to
implement and usually works quite well (except when the data have outliers,
since it uses a squared loss).
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7.1 A loss-based interpretation
7.1.1 Finite dimensional case

This discussion may be found in a number of sources. We draw from [9, Section
2.2]. We are given n training points in R”, which we arrange in a matrix
X = [ Ty ... Tp ] € RP*" To each of these points, there corresponds an

output y;, which we arrange in a column vector y := [ Y1 .- Yn ]T. Define
some A > 0. Our goal is:

n
a* = arg argﬂi{% (Z(yz —z]a)® + )\||a||2>

i=1

argargﬂi@ (Hy - XTa||2 +)\||a|‘2) :

where the second term A||al|? is chosen to avoid problems in high dimensional
spaces (see below). Expanding out the above term, we get
Hy - XTaH2 +AMa? = y'y—2y"Xa+a'XXTa+Xa'a
= yly-2y XTa+ta" (XXT+X)a=(x

Define b = (X XT 4+ )1/2 a, where the square root is well defined since the
matrix is positive definite (it may be that X X T is not invertible, for instance,

when D > n, so adding A ensures we can substitute a = (XXT + )\I)_l/2 b).
Then

() = yly—20" X (XXT+A1) Pb4bTh

yTy+ | (XX an T xy - sz X (xx T+ M)’”2H2 ,
where we complete the square. This is minimized when

b= (xxT+A1) Xy or

at = (XXT 4D Xy,

which is the classic regularized least squares solution.!?

10This proof differs from the usual derivation, which we give here for ease of reference (this
is not the approach we use, since we are later going to extend our reasoning to feature spaces:
derivatives in feature space also exist when the space is infinite dimensional, however for the
purposes of ridge regression they can be avoided). We use [5, egs. (61) and (73)]
8aTUa T v'Ta daTv
=U+U")a, = =,
Oa ( ) Oa da

Taking the derivative of the expanded expression (*) and setting to zero,

%(Hy_XTaH2+/\Ha||2) = —2Xy-|—2(XXT_|_)\[),1:07

a (XXT +)\I)71 Xy.

26



7.1.2 Finite dimensional case: more informative expression

We may rewrite this expression in a way that is more informative (and more
easily kernelized). Assume without loss of generality that D > n (this will
be useful when we move to feature spaces, where D can be very large or even
infinite). We can perform an SVD on X, i.e.

X=USV",
where -
U:[ul uD] 5:[58] VZ[V 0].

Here U is D x D and U'U = UUT = Ip (the subscript denotes the size of
the unit matrix), S is D x D, where the top left diagonal S has n non-zero
entries, and V' is n x D, where only the first n columns are non-zero, and
VIV =VVT =1, Then
ot = (XXT4+Mp) Xy

= (USPUT +AIp) T USVTy

— U(S*+ ) ' UTUSV Ty

— U(S*+AIp) ' SsVTy

= US(S*+AIp) ' VTy

_ T 2 1T

= USV'V(52+Xp) V'y

(a)
= X(XTX+A,) 'y (7.1)

Step (a) is allowed since both S and V' TV are non-zero in the same sized top-left
block, and V' TV is just the unit matrix in that block. Step (b) occurs as follows

|

- —1
~ 2
V(S 4 Mp) VT [V 0] [ (5 + A1) 0
0 (Mp_n)™'

= V(8 ar) 0T
= (XTX4+AL).

What’s interesting about this result is that a* = Y | afx;, le. ais a
weighted sum of columns of X. Again, one can obtain this result straightfor-

11 Another more economical way to write the SVD would be

- S|y
oo S ]

but as we’ll see, we will need the larger form.
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wardly by applying established linear algebra results: the proof here is infor-
mative, however, since we are explicitly demonstrating the steps we take, and
hence we can be assured the same steps will still work even if D is infinite.!?
7.1.3 Feature space case

We now counsider the case where we use features ¢(z;) in the place of ;:

a* = argmin (Z (yi — <a7¢(33i)>1-1)2 + )\||a||%£> :

acH \ 4
=1

We could consider a number of options: e.g. the polynomial features or sinu-
soidal features

. sinx

2 cos T

p(z) = | . ps(w) = | sin2e
.Z :

r cos {x

In these cases, a is a vector of length ¢ giving weight to each of these features so
as to find the mapping between x and y. We can also consider feature vectors
of infinite length, as we discussed before.

It is straightforward to obtain the feature space solution of the ridge re-
gression equation in the light of the previous section: with some cumbersome
notation, write3

X =[ ¢ler) ... olan) ].
All of the steps that led us to (7.1) then follow, where in particular

Xx' = Z P(w:) ® pla;)

(using the notation (6.1) we introduced from kernel PCA), and

(XTX)ij = (d(xi), plx5))y, = k(zi, 7).

12We could apply one of the many variants of the Woodbury identity [5, eqs. (147)]. If P
and R are positive definite, then

(P’l + BTR’lB) BTR™!=pPBT (BPBT T R)fl . (7.2)
Setting P =A"'1, B= X", and R =1I, we get
a= (XXT + ,\1)71 Xy = A°lx (,\*IXTX + 1) Y

- X (XTX + )\I) y.

13For infinite dimensional feature spaces, the operator X still has a singular value decom-
position - this will be covered later in the course.
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Making these replacements, we get

a* = XK+, 'y

= Y oj(z;)  af =(K+A,)"y

Note that the proof becomes much easier if we begin with the knowledge
that a is a linear combination of feature space mappings of points,'*

a=> a;p(x;).
i=1

Then

n

S (i — (a, 0(w:)) ) + Mlall3,

i=1

ly — Ka|* + Aa' Ko

= yly—2y Ka+a' (K2 + /\K) e
Differentiating wrt o and setting this to zero, we get
af = (K + M) Yy

as before.

7.2 Link of RKHS norm with smoothness of regression
function

What does || f||3, have to do with smoothing? We illustrate this with two exam-
ples, taken from earlier in the notes. Recall from Section 4.1.3 that functions in
the Gaussian RKHS take the form

o) =3 e =25
fe
where the eigenfunctions ey(x) were illustrated in Figure (4.4), and satisfy the
orthonormality condition (4.8) for the measure (4.9). The constraint || f||%, < oo
means that the ff must decay faster than A\, with increasing ¢. In other words,
basis functions eys(x) with larger ¢ are given less weight: these are the non-
smooth functions.

The same effect can be seen if we use the feature space in Section 4.1.2.
Recall that functions on the periodic domain [—7, 7| have the representation

fla)= ) feexp(tz).

l=—00

14This is a specific instance of the representer theorem, which we will encounter later.

29



Again,

oo

F12 = Fhp = >

l=—00

:

=

ke
~ 12 ~
This means ’ f[‘ must decay faster than k, for the norm to be finite.!® This

serves to suppress the terms exp(ufx) for large ¢, which are the non-smooth
terms.

7.3 Model selection

In kernel ridge regression, we have control over two things: the kernel we use, and
the weight A. The kernel used controls the smoothness of the class of functions
we consider. The weight A controls the tradeoff between function smoothness
and fitting error. We now look at these properties more closely, doing kernel
ridge regression with a Gaussian kernel,

k(z,y) = exp (W> .

g

From Figure 7.1, we see that too large a A\ prioritises smoothness over get-
ting a small prediction error on the points, resulting in a very smooth function
which barely follows the shape of the underlying data - in other words, we are
underfitting. Too small a A gives too much priority to fitting small fluctua-
tions in the data due to noise, at the expense of smoothness: in this case, we are
overfitting. Finally, an apparently good choice is A = 0.1, where the regression
curve fits the underlying trend without being overly influenced by noise.

Figure 7.2 shows how the kernel width o affects the fit of ridge regression.
Too large a o results in underfitting: the regression function is too smooth. Too
small a ¢ results in overfitting. There is some overlap in the effect on prediction
quality of o and .

How do we choose A and o, and how do we evaluate the resulting performance
of our learning algorithm? One commonly used approach is to combine m-fold
cross-validation and a held-out test set. See Algorithm 1.

7.4 A Bayesian interpretation

The Bayesian interpretation of ridge regression can be found in [6, Chapter 2].
Advantage: also get uncertainty estimate in the prediction.
8 Acknowledgements

Thanks to Gergo Bohner, Peter Dayan, Agnieszka Grabska-Barwinska, Wit-
tawat Jitkrittum, Peter Latham, Arian Maleki, Kirsty McNaughton, Sam Pat-

15The rate of decay of I;l will depend on the properties of the kernel. Some relevant results
may be found at http://en.wikipedia.org/wiki/Convergence_of_Fourier_series
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Figure 7.1: Effect of choice of A on the fit of ridge regression.
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Figure 7.2: Effect of choice of o on the fit of ridge regression.

Algorithm 1 m-fold cross validation and held-out test set.

1. Start with a dataset Z := X,Y, where X is a matrix with n columns,
corresponding to the n training points, and Y is a vector having n rows.
We split this into a training set of size ny, and a test set of size nye = 1—ny¢,.

2. Break the trainining set into m equally sized chunks, each of size ny, =
nye/m. Call these Xya1 4, Yyar; for i € {1,...,m}

3. For each A, o pair

(a) For each Xya1i, Yyali

i. Train the ridge regression on the remaining trainining set data
Xir \ Xval,i and Yy, \ Yval,iv
ii. Evaluate its error on the validation data Xya s, Ysal,i

(b) Average the errors on the validation sets to get the average validation
error for A, 0.

4. Choose A", o* with the lowest average validation error

5. Measure the performance on the test set Xie, Yie.
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Table 1: Fourier series relations in 1-D.

’ Description of rule \ Input space \ Frequency space ‘
Shift f(x—x0) frexp (=l (27/T) o)
Input real f*(z) = f(x) fi=—f
Input even, real f(x) = f(x), f(—x) = f(x) fi=—f
Scaling f(ax) T changes accordingly
Differentiation % (z) il (2w /T) fi
Parseval’s theorem _TT22 f(z)g*(z)dx S har

terson, Dino Sejdinovic, and Yingjian Wang for providing feedback on the notes,
and correcting errors.

A The Fourier series on [—%,%] with periodic
boundary conditions

We consider the case in which f(z) is periodic with period T, so that we need

only specify f(z) : [—%, %} — R. In this case, we obtain the Fourier series
expansion
-1 T 2 1.(2
fi= T /_T/2 f(x)exp (—zlx?) dzx = Tf (l;j) , (A1)
such that
. 2
f(z) = Z fiexp (zlx;) . (A.2)

l=—o00

Thus the fl represent the Fourier transform at frequencies w = ZQT”, scaled by

T-1. We document a number of useful Fourier series relations in Table 1.
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